We study the international interbank market through a geometric analysis of empirical data. The geometric analysis of the time series of cross-country liabilities shows that the systematic information of the interbank international market is contained in a space of small dimension. Geometric spaces of financial relations across countries are developed, for which the space volume, multivariate skewness and multivariate kurtosis are computed. The behavior of these coefficients reveals an important modification acting in the financial linkages since 1997 and allows to relate the shape of the geometric space that emerges in the last years to the globally turbulent period that has characterized financial systems since the latest Nineties. Here we show that, besides a persistent decrease in the volume of the geometric space since 1997, the observation of a generalized increase in the values of the multivariate skewness and kurtosis sheds some light on the behavior of cross-border interdependencies during periods of financial crises. This was found to occur in such a systematic fashion, that these coefficients may be used as a proxy for systemic risk.
Introduction
Globalization of economies leads to an ever-increasing interdependence of countries. The late 2000s financial crisis -considered by many economists to be the worst financial crisis since the Great Depression -resulted in the collapse of large financial institutions, the bailout of banks by national governments and downturns in stock markets around the world.
The recent turmoil in the international banking system has stressed the need of understanding financial systems as sets of countries where cross-border financial relations play the fundamental role. While some authors have investigated the role globalization plays in shaping the spread of financial crisis [1] , [2] , studies on the consequences of financial crises to the international banking system are less prominent. As we recently argued [3] , the adoption of a topological approach is recommended not only because of the proper emphasis on the financial interdependencies but also due to the possibility of describing how the structure of these interdependencies evolves in time. In so doing, we are able to address the role that the existing structure plays in the spread of shocks and conversely, the effectiveness of stress events and their impact on the structure of the cross-border interdependencies.
The high level of interdependency that characterizes financial institutions makes banking and financial crises different from other economic crises. It is mostly due to the associated fear of spreading or contagion, which is technically called systemic risk 1 . Whenever risk has to be measured, the recur to the concept of standard deviation is the most common practice in the financial community. However, the fact that financial returns do not follow normal distributions raises many criticisms against, for instance, portfolio strategies based on the use of variance as a proxy for risk.
A step forward in the statistical setting in understanding how data differs from normality leads to the computation of higher moments of the distributions throughout the application of measures of skewness and kurtosis. The calculation of univariate measures in order to evaluate deviations of statistical indexes from normality is a common procedure. A certainly less common procedure is the evaluation of deviation from normality form a multidimensional perspective.
Here we address the impact of the recent financial crises in the international banking system from a geometric point of view. In so doing, we are able to evaluate systemic risk by a technique similar to classical multidimensional scaling. The resulting multivariate geometric spaces provide the basis for the computation of multivariate skewness and 1 Systemic risk refers to the risk (in probabilistic terms) of breakdowns affecting the system as a whole, in opposition to the idea of partial or isolated breakdowns, which are restricted to individual parts or to specific components. kurtosis in different time periods. These coefficients, while indicating deviations from multinormality allow for the characterization of systemic risk.
Geometric analysis of time series of stock returns were performed in the past for the characterization of stock market crises. It revealed that most of the systematic information of financial markets was contained in a space of small dimension ( [4] , [5] , [6] ) where one finds noticeable differences between business-as-usual and critical periods. During market crisis there is a contraction of volume in the reduced geometric space, corresponding to a greater synchronization of the market fluctuations. In addition, whereas the geometric "market cloud" of points in business-as-usual periods looks like a smooth ellipsoid, during some crisis it displays distortions, which may be detected by computing higher moments of the distribution. Here we apply the same geometric analysis to flows of financial capital between countries.
During the last years, several authors have approached financial systems through a topological approach. Some papers have favored the study of interdependencies between credit banks [7] , or focused on the analysis of shocks storming the financial systems of several countries [8] . The topological properties of some national interbank markets have been studied by Soramaky and co-authors [9] , who analyzed the topology of a network of commercial banks. Another example is the work of Fuijwara [10] exploring the credit relationships that exist between commercial banks and large companies in Japan.
Empirical studies have also been carried out on some European national interbank markets ( [11] , [12] ) throughout the analysis of the topological properties of the networks of Italian and Austrian banks.
Using the Bank of international settlements (BIS) data set, some papers have addressed the evolution of networks of bank transfers ( [12] , [13] , [10] , [7] , [14] ). It is evident from the work of McGuire [14] that the international banking system has become an important conduit for the transfer of capital across countries. The work of Minoiu and Reyes [15] also explored the proprieties of the global banking networks; for several networked systems, they found evidence of important structural changes follow on the occurrence of stress events.
In this paper, from series of interbank liabilities over different time periods we have developed geometric spaces where each country is uniquely identified by a set of coordinates. For this purpose, a geometric approach is used, with a metric constructed from time series of amounts of liabilities by country. By a technique similar to classical multidimensional scaling, each country is mapped onto a point in Euclidean space and then the shape of the resulting "cloud of points" is analyzed. It turns out that, up to very small deviations, the market of cross-border liabilities is mostly concentrated in a low dimensional subspace. Furthermore, in this reduced subspace, the countries populate an elongated ellipsoid with faster decreasing axis.
Empirical results allow to relate the shape of the geometric spaces to the characteristics of some relevant periods of financial turbulence, during which the shape of the ellipsoid is distorted, acquiring prominences in some particular directions. Measures of multivariate skewness and kurtosis are applied in order to quantify how far that shape deviates from multinormality. These statistical coefficients together with a measure of the space volume allow for the characterization of systemic risk.
The paper is organized as follows: Section 2 briefly presents the set of empirical data and the methodology. Section 3 presents the first results obtained from the application of a stochastic geometry technique. The main contributions of the paper are presented in Section 4, where measures of multivariate skewness and kurtosis are applied in order to test deviations from multinormality. The paper ends with appropriate conclusions.
Data and Methodology
The Bank for International Settlements (BIS) locational banking statistics (IBLR) -including international claims and liabilities of reporting banks by country of residence -provides a plentiful data set of aggregate cross-border exposures for a set of reporting and non-reporting countries all over the world. These statistics were originally introduced in 1964 to monitor the development of euro-currency markets, starting to be available in 1977. The locational reporting system collects quarterly data on the gross international financial claims and liabilities of banks resident in a given country. The main purpose of the statistics is to provide information on the role of banks and financial centers in the intermediation of international capital flows.
Since the BIS locational banking statistics capture the net flows of financial capital between any two countries channeled through the banking system [14] this data set is an appropriate source to the empirical study of temporal patterns arising from financial linkages across countries.
The locational statistics are intended to complement monetary and credit aggregates, being consistent with both the national balances of payments and the systems of national accounts. For a set of 57 reporting countries and aggregate zones, we consider a subset of 24 countries (see Table 1 ), each of them represented by the amounts of its liabilities vis-a-vis the other reporting countries, measured on a quarterly basis, from the last quarter of 1983 (Q4-1983) to the last quarter of 2012 (Q4-2012). Cross-border financial flows provide a global quantification of the size of transactions in financial assets, and thus, they are an aggregate measure of the intensity of financial linkages between different economies [16] .
Empirical data provide the primary basis for the calculation of the distance matrix containing the distances between each pair of countries. The distance between each pair of countries is a function of the correlation coefficient computed over a given time interval. It so happens that from the matrix of distances and through the application of a stochastic geometry technique we are able to reconstruct the geometrical spaces where the given set of countries is supposed to exist.
It is accomplished by assuming that each country has coordinates in some finite dimensional space and that the coordinates represent quantitative measures of a set of characteristics which uniquely identify each country. However, initially, both the coordinates and the dimension of the space are unknown. The solely input from where to start is the distance matrix, where the distance is defined from the amounts of liabilities of banks resident in each reporting country vis-a-vis the other reporting countries. It is accomplished throughout the application of the stochastic geometry technique described in the following.
The Method
Cross-correlation based distances, as applied in reference [17] to the study of stock market structures have been used in the analysis and reconstruction of geometric spaces in different fields ( [4] , [5] , [6] ). The quantity
where C ij is the correlation coefficient of two time series − → s (i) and − → s (j) computed along a given time window
has been shown [18] to satisfy all the metric axioms. Therefore, it may be used to develop a geometrical analysis of the interbank market structure. To this end, we applied the following technique.
The Geometry of Cross-border Liabilities
Using the BIS quarterly based time series of liabilities of each country ( − → l (i)) vis-a-vis the other reporting countries, we define a normalized vector
n being the number of components (number of time labels) in the vectors − → l (i). With this vector one defines the distance between the countries i and j by the Euclidean distance of the normalized vectors,
where C ij is the correlation coefficient of the liabilities − → l (i) and − → l (j), respectively of countries i and j computed along a time window of n (quarterly) observations.
Having computed the matrix of distances for the set of N reporting countries, one obtains coordinates in R N −1 compatible with these distances (d i,j ) through the following algorithm:
then, when i > 2 and j < i − 1, the coordinate x i (j) is given by
and when j = i − 1
If x i (i−1), so obtained, is smaller than a small quantity ε no new dimension is added and the country is projected on the already obtained subspace. The main difference between this embedding algorithm and classical multidimensional scaling (MDS) relies on the allowance for the ε−fuzziness in the definition of the hyperplanes. In so doing, the embedding dimension is, in general, smaller than the one obtained from classical MDS.
For the chosen time window the liabilities of the countries are now represented by a set {x i } of points in Euclidean space. Then, the center of mass − → R and the center of mass coordinates
is diagonalized to obtain the set of eigenvalues and normalized eigenvectors {λ i , − → e i }. The eigenvectors − → e i define the characteristic directions of this geometric space. Their coordinates z i (k) along these directions are obtained by projection
The same analysis is performed for random and time permuted data and the relative behavior of the eigenvalues is compared.
The characteristic directions correspond to the eigenvalues λ i that are clearly different from those obtained from surrogate data. They define a subspace S f of dimension f which contains the systemic information related the interbank market structure.
This corresponds to the identification of empirically constructed variables that drive the cross-border market and, in this framework, the number of surviving eigenvalues (f ) is the effective characteristic dimension of this economic space.
Having found the number of characteristic dimensions (f ) we are able to denote by − → z (k) (f ) the restriction of the k−country to the subspace S f and by d (f ) ij the distances between countries i and j restricted to this low-dimensional space.
This procedure is the key for the following method, since it allows for the consideration of populations of 24 countries, given that only a very small number of coordinates describing their distances is used in the computation of our measures of the multivariate space.
The Multidimensional Spaces
Our study starts with the application of the stochastic geometry technique to the time series of interbank liabilities, each time series corresponding to a reporting country and providing quarterly observations over 29 years, from the last quarter of 1983 to the last quarter of 2012. We also consider the results calculated from surrogate data, namely from data obtained by independent time permutation for each country and to random data with the same mean and variance. eigenvalues we conclude that the first three dimensions capture the structure of the deterministic correlations and economic trends that are driving the cross-border financial system, whereas the remainder of the space may be considered as being generated by random fluctuations.
The Dimensional Reduction
Eigenvalues from the 4th to the 23th have a quite similar behavior in both actual and time-permuted cases, showing that for this cross-border system the three largest dimensions define our empirically constructed variables and that the dimensions of higher order essentially represent noise.
The 3-Dimensional Spaces
The plots in Figures 2, 4 and 5 show the 3-dimensional geometric spaces populated by the 24 countries in different time periods while Figure 3 displays the application of the stochastic geometry technique to surrogate data. Figure 2 shows the projections ( − → z (k) (3) ) of the 24 countries along the first three eigenvectors obtained from the entire 29-years actual data (N = 24 and n = 116 quarters), over the period 1983-2012. Different colors are used to identify European (blue) and non-European (red) member states.
It is evident form Figure 2 that the most eccentric positions in the reduced subspace are occupied by countries outside the European Union (EU). Countries like Japan (JP), Hong Kong (HK) and the Netherlands Antilles (AN) are far away from all other countries, whereas a much greater centrality (and closeness) is characteristic of many EU countries. Notice that the closeness among them in the 3-dimensional space comes from positive and strong correlations between country debts. Conversely, the countries that split apart from the others have debt positions that are negatively (and strongly) correlated to the debt positions of the other countries. In this example and when the whole 29 years are considered (Fig.2) , Finland (FI), Japan (JP), the Netherlands Antilles (AN) and Hong Kong (HK) are strongly and negatively correlated to the great majority of reporting countries. Figure 3 shows the geometric space obtained from the application of the stochastic geometry technique to surrogate data, namely from data obtained by independent time permutation for each country. In this plot we observe that the space generated from surrogate data is quite different from the cloud of points obtained from real data (Fig.2) , being less concentrated around the most exocentric positions and occupying a much greater volume in the 3-dimensional space.
To have a qualitative idea concerning the structure of the characteristic dimensions of the spaces obtained from actual data, we have divided the 29 years data in two batches and performed the same operations. The plots in Figure 4 The plot in Figure 4 shows that years going from 1987 to 1999 can be defined as a period of business-as-usual, being the geometric object close to a spherical configuration, typical of a Gaussian distribution, where the market space is similar to that of a random universe, as in Figure 3 .
Conversely, a new shape emerges in the period 1997-2009 as reported in the plot presented in Figure 5 . In this period, the shape of the geometric space is distorted, acquiring prominences in some particular directions.
The geometrical spaces in Figure 4 and 5 show that there are some important differences in the interbank market along different time periods. The main difference seems to rely on the clustering trend that characterizes the 1997-2009 geometric space, where the distances between countries seem to be shortened; except for the few examples of the Netherlands Antilles (AN), Japan (JP) and Hong Kong (HK) that, like in the plot presented in Figure 2 , remain far from almost all other countries.
These ordering change have an economic meaning, being related to the relative amounts of financial flows of specific groups of countries in different periods. We envision that the clustering trend and the distorted shape are due to the shocks that stormed the financial systems of several countries in that period. The 1997-2009 time window besides comprising the second Black Monday, also comprises the recent turmoil in the international banking system of the late 2000s. 
The Space Volume
The observation of the plot presented in Figure 5 shows that a generalized shortening of most of the distances leads to a contraction effect in the volume of the 3-dimensional space. To capture the extent of a contraction (or expansion) effect, we take the largest 3 eigenvalues that define the effective dimension of the cross-border market space and compute its volume (V ) as
This measure V is used as a reference for the identification of the abnormal periods. The volume expands whenever the cloud of points represents a situation of businessas-usual and the market space is similar to that of a random universe. However, in critical periods, the volume of the geometric object severely contracts, leading to the emergence of distorted shapes ( [5] , [6] ).
As the plot in Figure 5 clearly indicates, clustering emerges together with a contraction effect in the shape of the reduced space. Such a contraction effect is registered as a lower value of V . Figure 6 shows the behavior of V along the 29 years for the actual data and for time permuted observations. The results obtained from actual data are represented with black circles while those obtained from surrogate data are colored white. At each The evolution of V confirms our previous results, identifying the major changes in the 29-years period and highlighting the impact of the recent financial crises to the structure of the cross-border interdependencies.
It shall be noticed that after 2011, the value of V starts to increase, meaning that a small recovery from the recent crises -translated into a return to the situation of business as usual -is taking place.
The Multivariate Coefficients
Having applied the stochastic geometry technique to the set of 24 reporting countries, we concluded that the systematic information related to the interbank market structure is contained in a reduced subspace of just three dimensions, meaning that the number of characteristic dimensions of the geometric space built from this data source is three (f = 3). Hence, we denote by − → z (k) (f ) the restriction of the k−asset to the subspace S f and by d (f ) ij the distances restricted to this space. Then using Eqs. (3) and (4) we apply the notion of systematic covariance σ (f ) ij as in [4] :
where
⟩ . Given the evidence of contraction and distortion of the geometric spaces in different periods, besides the calculation of the space volume, we proceed to test deviation from multinormality occurring in the shape of these spaces.
Multivariate Skewness and Kurtosis
The statistical properties that characterize multivariate normality are not as investigated as those applied to univariate normality ( [19] , [20] ). Even though, a large body of literature was built in the last decades on the topic of multivariate normality ( [21] , [22] ).
Here we propose to consider the available information on the 24 reporting countries in order to apply the heuristic concepts of multivariate skewness (b 1 , N ) and multivariate kurtosis (b 2 , N ), such as proposed by Mardia [21] . In this case, they are defined as:
where σ (f ) is the systematic covariance (Eq. 11), N is the number of variables and n the number of observations. When σ (f ) is computed, f = 3 since three was found to be the number of effective dimensions of the interbank market space 2 . In present case, the variables are the three coordinates identifying the effective dimensions of each county, since these coordinates are enough to represent the relevant information about the cross-border market.
In so doing, we are allowed both for considering the whole set of countries, represented by the coordinates of the space they define, and to test the described dynamics of the interbank market while considering all the available information of the entire interbank market. This is a well established result, remaining the same even when the dimensions of order higher then the third are considered, confirming our previous findings that indicate that the dimensions of higher order essentially represent noise [30] . In each case we performed systematic comparisons with the measures of series of random data obtained from a Gaussian distribution with the same mean and variance of real data.
Plots in Figure 7 and 8 present the evolution of multivariate skewness b 1 , N (k) and multivariate kurtosis b 2 , N (k) calculated over a moving window of 48 quarters. Both coefficients were calculated from actual data (black) and from surrogate data (white).
They display an increasing trend with a steeper slope starting in the time slot multivariate normality can be found in reference [29] . N ) is also strong, with a rise of more than 40% in the last few years. After 2008, however, the two measures -and thus the distorted shapes of the geometric object -start to behave in the opposite way, helping to illustrate how the recent financial crisis affected the interbank market. This was found to occur in such a systematic fashion that measuring those higher moments of the distributions of the 3D coordinates of the countries may be used as a proxy for systemic risk 3 .
Concluding Remarks
In this paper we have investigated the modifications that may occur in the structure of the cross-border financial interdependencies as a consequence of financial crises. Using time series of interbank liabilities conducted through the international banking system, we have developed geometric spaces of debt positions between 24 countries. These structures were developed for (i) a 29-years period that goes from 1983 to 2012 and two 12-years periods (ii) from 1987 to 1999, and (iii) from 1997 to 2009. The geometrical analysis of (i), (ii) and (iii) implied that most of the systematic information of the interbank international market was contained in a 3-dimensional space, from which a multidimensional statistical characterization could be conveniently carried out.
From the geometrical perspective, the reduced subspaces of countries showed that the most eccentric positions are occupied by countries outside the European Union. Moreover, it also showed that comparing (ii) and (iii), the main difference relies on the clustering trend that characterizes the later period, where the distances between countries seem to be shortened, except for the few examples of the Netherlands Antilles, Japan and Hong Kong. Such a clustering effect is followed by a contraction of the volume (V ) of the corresponding geometrical space. When V is computed over (i), its evolution confirms our previous results, identifying the major changes in the 29-years period and highlighting the relevance of the recent economic crises.
Empirical results allow to relate the shape of the geometric spaces to the characteristics of some relevant periods of financial turbulence, during which the shape of the ellipsoid is distorted, acquiring prominences in some particular directions.
Our approach is complemented by a statistical analysis of the 3-dimensional spaces. Measures of multivariate skewness and kurtosis are applied in order to quantify how far the shape of the geometrical spaces obtained in different time periods deviates from multinormality. These coefficients, together with a measure of the space volume allow for the characterization of systemic risk. It so happens that, in the cross-border market we are dealing with, our results show the existence of a relevant increase in the values of multivariate kurtosis and multivariate skewness of the distributions of the coordinates of a set of countries once they are embedded in a low dimensional space. The increase in those values is empirically related to periods of financial turbulence.
Hence, the construction of the 3-dimensional spaces is twofold: they not only provide the basis for the characterization of country interdependencies based on the positions of each country in a well defined metric space, as they also allow for the application of statistical coefficients that evaluate deviations from multinormality using the distribution of the coordinates of the reporting countries in those metric spaces.
As the data and the method suggest, such a feature is part of a mutation in the structure of the cross-border interdependencies since the latest Nineties. Results highlight an important modification acting in the financial linkages across countries in the period 1997-2009, and situate the recent financial crises as a counterpart of a larger structural change going on since 1997.
